We prove a trade-off relation between the entanglement cost and classical communication complexity of causal order structure of a protocol in distributed quantum information processing. We consider an implementation of a class of two-qubit unitary gates by local operations and classical communication (LOCC) assisted with shared entanglement, in an information theoretical scenario of asymptotically many input pairs and vanishingly small error. We prove the trade-off relation by showing that (i) one ebit of entanglement per pair is necessary for implementing the unitary by any two-round protocol, and that (ii) the entanglement cost by a three-round protocol is strictly smaller than one ebit per pair. We also provide an example of bipartite unitary gates for which there is no such trade-off.
Introduction.-Quantum information processing achieves its power by composing multiple quantum systems to form a larger quantum system. It is necessary that the components collaborate to behave as a single composite quantum system. In distributed quantum information processing (DQIP), communication channels connecting the components, quantum and/or classical, serve as a resource.
Additional correlation shared between the components is another type of resource in DQIP. Shared correlations can be both quantum and classical. The processing power of the individual components and the available communication/correlation resources determine the total information processing capacity of a DQIP system. Known DQIP protocols in communication complexity [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , interactive proof systems [17] [18] [19] [20] [21] , nonlocal games [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] , measurement-based quantum computation [33] [34] [35] and quantum cryptography [36] exhibit advantages over their classical counterparts by exploiting shared entanglement, arguably the most resourceful kind of quantum correlation. The round complexity (see e.g. Ref. [37] and the references therein) is another type of resource inherent to a protocol. Consider a DQIP task performed by two distant parties, say Alice and Bob. Any protocol for this task consists of concatenations of one party performing a local operation and communicating a message to the other. The number of concatenation is called the round complexity of a protocol (see Figure 1 ). Every communication must wait a certain minimum amount of time to complete, hence the round complexity of a protocol draws a lower bound on the time required.
Although the resources for DQIP have been extensively investigated , less is known about the round complexity and its relation to other resources [56] [57] [58] . In an LOCC (local operations and classical communication) paradigm, all the communication is restricted to classical ones, in which case, no protocol of however high round complexity can increase the amount of entanglement. In other words, a higher round complexity in classical communication is never a substitute for entanglement, regardless of the local processing power which only affects the set of possible LO. Nevertheless, in this paper, we report a DQIP task for which the cost of shared entanglement can be reduced by increasing the CC round complexity of protocols. Thus, we jointly analyze entanglement and causal relations, each a fundamental topic of physics in general, in this single context of quantum information processing. The task is for the two distant parties to implement a class of two-qubit unitary gates by LOCC assisted by shared entanglement (see Figure 2 ). The two parties are not allowed to exchange messages simultaneously. We prove that a three-round protocol outperforms all two-round protocols in reducing the entanglement cost. Thereby we show a clear trade-off relation between the cost of entanglement and complexity in causal order. We also provide a class of bipartite unitary gates for which there is no such trade-off, by proving that a protocol of Type (b) and (d) in Figure 1 achieve the minimum cost of entanglement over all finite-round protocols.
In contrast to the previous approaches [38] [39] [40] [41] [42] [43] [44] showing advantages of bidirectional communication over unidirectional one, our result is a more "refined" trade-off relation between the entanglement cost and round complexity. Other known results [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] analyze single-shot regimes, while we adopt an information theoretic scenario of infinitely many inputs and vanishingly small error [59] . The more refined analysis is made possible partly due to the mathematically well-structured tools developed in quantum Shannon theory [60] [61] [62] (see [59] for the details).
Setup of our protocol.-Suppose that Alice and Bob, located in two distant laboratories, have n-qubit systems A n = A 1 · · · A n and B n = B 1 · · · B n , respectively. They aim to apply a two-qubit unitary gate U on each pair A i B i (i = 1, · · · , n), simultaneously. To accomplish this task, Alice and Bob may perform quantum operations locally in their laboratories, communicate classical messages to each other, and may use copies of a Bell pair |Φ 2 := (|00 + |11 )/ √ 2 shared in advance as a resource. They are, however, not allowed to communicate quantum messages or to perform operations that globally act across their laboratories. That is, they accomplish the task by LOCC assisted by entanglement. We assume that they are not allowed to communicate classical messages simultaneously in both direction. The state on system A n B n may initially be correlated with an external reference system R, which is inaccessible to Alice and Bob.
Let E > 0 be the number of copies of Bell pairs divided by n. Denoting by a and b the quantum registers in which the resource state Φ 2 is stored, an LOCC protocol for the above task is represented by a CPTP (completely-positive and trace-preserving) map M n from A n B n a nE b nE to A n B n . The error of the protocol for a particular initial state |ψ
n R is quantified by the fidelity between the target state U ⊗n |ψ A n B n R and the state obtained after the protocol, i.e.,
) .
We adopted notations ψ = |ψ ψ| and Φ 2 = |Φ 2 Φ 2 |. The fidelity is defined by
The supremum of the above quantity over all ψ is called the worst-case error and is denoted by * (M n ). An entanglement consumption rate E is said to be achievable by r-round protocols if there exists a sequence {M n } ∞ n=1 of r-round protocols such that the worst-case error * (M n ) vanishes in the limit of n to infinity. We require that the convergence of the error is sufficiently fast so that
The entanglement cost of a two-qubit unitary gate U by r-round protocols is the minimum rate E that is achievable by r-round protocols, and is denoted by E r (U ).
In this Letter, we prove that there exists a trade-off relation between the entanglement cost and round complexity for implementing a two-qubit unitary gate. By "trade-off relation", we refer to the fact that the entanglement cost of a unitary gate by the best possible rround protocol is strictly smaller than the r -round one, i.e., E r (U ) < E r (U ), for certain r > r .
We consider a class of two-qubit unitary gates of the form
where θ ∈ (0, π/2] and I and σ z are the identity operator and the Pauli-z operator defined by I = |0 0| + |1 1| and σ z = |0 0| − |1 1|, respectively. We prove that the trade-off relation holds for θ smaller than a constant, by showing that E 2 (U θ ) > E 3 (U θ ). In the following, we describe an outline of the proof of E 2 (U θ ) ≥ 1 based on our previous work [59] , and that of a proof of
Conditions for successful protocols.-For a protocol M n to be successful, the following conditions must be satisfied. We first analyze a general case where A and B are quantum systems with an arbitrary (but finite) dimension d. We consider a particular initial state |Ψ U † ,n := |Ψ U † ⊗n , where |Ψ U † is the ChoiJamio lkowski state corresponding to the inverse of the unitary gate to be implemented. With R A and R B denoting d-dimensional reference systems that are inaccessible to Alice and Bob, the Choi-Jamio lkowski state is defined as
where Φ d is the maximally entangled state with Schmidt rank d. Noting that U U † = I, a successful protocol M n must satisfy
This condition imposes a restriction on Alice's measurement at the beginning the protocol. The entanglement consumption rate E in a two-round protocol must be large enough in order that such a measurement by Alice exists for sufficiently large n. Observe that the initial state in the L.
nE , while the state in the R.H.S. is a product state in that separation. In addition, both states are pure maximally entangled states between
Thus M n can be viewed as a protocol that destroys correlation between
, while maintaining the purity of the whole state as well as the maximal entanglement between
. It should be noted that R A and R B are reference systems that are inaccessible to Alice and Bob. Thus the task considered here is different from transformation of bipartite pure states [64] .
Let us analyze conditions imposed by (3) on Alice's measurement at the beginning of a two-round protocol M n . We denote the output system of the measurement by A . First, since entanglement between
are non-increasing under any step in M n , the reduced state on R n A R n B must be close to the maximally mixed state for each measurement outcome. We call this condition as obliviousness, because it is equivalent to the condition that the measurement does not extract any information about the initial state. Second, since the reduced state on B n R n B is not changed by Alice's operation at the end, the maximally entangled state (Φ BR B 2 ) ⊗n must be obtained immediately after Bob's measurement. This implies that A R n A and R n B must be in a product state after the measurement by Alice. We refer to this condition as decoupling.
From decoupling to Markovianization.-Let Ψ k be the state after Alice's measurement corresponding to the outcome k. The decoupling condition is represented by the quantum mutual information as
It follows that the conditional quantum mutual information is equal to zero, i.e., I(A :
The chain rule of the quantum mutual information yields
, and consequently, we arrive at
since the conditional quantum mutual information is always non-negative [65] . A tripartite quantum state for which the conditional quantum mutual information is approximately equal to zero, like (4) , is called an approximate quantum Markov chain (AQMC) [66] . From Condition (4), it follows that Alice's measurement needs to transform the state |Ψ U † ,n to an AQMC with the assistance of |Φ 2 ⊗nE , while respecting the obliviousness condition. The entanglement consumption rate E must be large enough in order that a measurement by Alice satisfying this condition exists.
Markovianizing cost.-We have proved in [67, 68] that the entanglement consumption rate E must be no smaller than the Markovianizing cost of |Ψ U † in order that there exists a measurement satisfying the condition mentioned above. In general, the Markovianizing cost of a tripartite quantum state ρ ABC is defined as the minimum cost of randomness required for transforming copies of the state to an approximate Markov chain, by a random unitary operation on system A. In the case of pure states, a single-letter formula for the Markovianizing cost is obtained in terms of the Koashi-Imoto decomposition [69] , which is used to characterize the structure of quantum Markov chains [70] . In the current context, the relevant Markovianizing cost is that of a 'tripartite' pure state |Ψ U † , with systems B and R B treated as a single system BR B .
Outline the proof of E 2 (U θ ) ≥ 1.-As proven in [59, 67] , the Markovianizing cost of Ψ U † is equal to the von Neumann entropy of a state Φ
Hence the Markovianizing cost of Ψ U † θ is equal to 1, which completes the proof of E 2 (U θ ) ≥ 1.
Outline of Proof of
we first analyze a single-shot protocol proposed in [49] for implementing U θ . We will later extend this protocol to the one for implementing U ⊗n θ , and analyze the total error and the entanglement cost by applying the law of large numbers.
The single-shot protocol consists of a concatenation of two two-round protocols and proceeds as follows: (P1) Alice and Bob implement U θ by a protocol of Type (b) in Figure 1 , using a two qubit state |φ θ ab as a shared resource. The protocol succeeds in implementing U θ with a certain probability p θ . If it fails, another unitary gate U θ is implemented, in which case Alice and Bob continue to the next step. (P2) Alice and Bob implement U θ−θ by a deterministic protocol proposed in [45] , which consumes one Bell pair. The protocol is of Type (b), except that the roles of Alice and Bob are exchanged. Noting that U θ−θ U θ = U θ , they succeed in implementing U θ in total, regardless of the failure in (P1). The average entanglement cost of this protocol, measured by the entanglement entropy, is equal toĒ
As we prove in [63] , it holds thatĒ θ < 1 for θ below a strictly positive constant.
Consider the following protocol for implementing U ⊗n θ : (P0) Alice and Bob obtains n copies of |φ θ ab from approximately nE(φ θ ) copies of Bell pairs, by an entanglement dilution protocol [71] of Type (a) in Figure 1 . (P1') They apply (P1) independently on each of n input pairs. Due to the law of large numbers, U θ is implemented on approximately np θ pairs of the input. (P2') They apply (P2) to implement U θ−θ on the remaining input pairs, which costs approximately n(1 − p θ ) Bell pairs. In total, the protocol succeeds in implementing U ⊗n θ with high probability by using approximately nĒ θ copies of Bell pairs. As depicted in Figure 4 (α), the three subprotocols are brought together to form a three-round protocol. Thus it follows that E 3 (U θ ) ≤Ē θ .
Unitaries with No Trade-off.-So far, we have investigated the case in which there is a difference between E 2 (U ) and E 3 (U ). Next, we provide an example of bipartite unitary gates for which there exists no trade-off relation between the entanglement cost and round complexity. Let {|t } 
In the following, we prove that E 2 (U ) = inf r≥1 E r (U ) holds for generalized Clifford operators. Consider the following single-shot protocol which is depicted in Figure 5: , respectively; (iii) They communicate the measurement outcomes pq and rs with each other; (iv) They perform σ p q onÃ and σ r s onB, respectively, determined by (5). This protocol is a one-round protocol of Type (d) in Figure 1 . A simple calculation yields that U is implemented on the initial state by this protocol.
Let K(U ) be the entanglement entropy of |Ψ U ÃB ab , i.e., K(U ) := S(ΨÃ a U ). Consider the following n-shot protocol: (i) Alice and Bob initially share approximately nK(U ) copies of Bell pairs, which is transformed to n copies of |Ψ U ÃB ab by entanglement dilution; (ii) They perform the single-shot protocol presented above on each pair. The total error of this protocol is equal to one induced in Step (i), which does not depend on the initial state and vanishes exponentially in the limit of n to infinity. Since any one-round protocol with simultaneous message exchange is transformed to a two-round one without simultaneous message exchange (see Figure  4 (β)), it follows that E 2 (U ) ≤ K(U ). The converse bound E r (U ) ≥ K(U ) (r ≥ 1) simply follows from the monotonicity of entanglement under LOCC [72] for a par-
⊗n . Beigi et al. [73] proved that any bipartite unitary gate can be implemented with arbitrary high precision by a one-round protocol of Type (d) in Figure 1 . The protocol proposed therein is universal in the sense that it is applicable to any type of unitary gates. The entanglement cost of the protocol, however, diverges if the total error is required to be vanishingly small. This is in contrast to the protocol presented above, which is specific to generalized Clifford gates.
Conclusion.-We considered implementation of a bipartite unitary gate by local operations and classical communication (LOCC), assisted by shared entanglement. We proved that a three-round protocol outperforms all two-round LOCC protocols in reducing the entanglement cost for a class of two-qubit unitary gates. Thereby we provided a first example of distributed information processing task for which there exists a clear trade-off relation between the costs of shared entanglement and the round complexity of a protocol. We also provided an example of unitary gates for which there is no such trade-off. It was proved in [57] 
SUPPLEMENTAL MATERIAL
In this material, we provide a detailed proof of E 3 (U θ ) < 1. We first describe a single-shot protocol for implementing U θ , which is proposed in [49] , and prove that the average entanglement cost is strictly smaller than 1 for θ below a constant. Based on this protocol, we construct a protocol for implementing U ⊗n θ and evaluate the total error. A typicality argument implies that the protocol satisfies the fast convergence condition (1).
A. Single-shot protocol for U θ A protocol for implementing U θ , which is proposed in [49] , consists of two subprotocols (P1) and (P2). In (P1), Alice and Bob uses the following state as a shared resource:
Suppose that the initial state is |ψ ABR . The protocol proceeds as follows:
1. Alice performs the controlled phase gate
, after which the whole state is
2. Alice performs a projective measurement on a with basis {|+ , |− }, and sends the outcome to Bob.
3. Bob performs I or σ z on b depending on the measurement outcome. The whole state is then
Bob performs the controlled-z gate
5. Bob performs a projective measurement on b with basis {|χ / χ|χ 1/2 , |χ ⊥ / χ ⊥ |χ ⊥ 1/2 }, and sends the outcome to Alice. Here, |χ and |χ ⊥ are supernormalized state vectors defined by
If the measurement outcome corresponding to |χ is obtained, the state becomes
The success probability is given by
If the complementary outcome is obtained, then the state changes
up to normalization condition. It is straightforward to verify that the normalized state satisfies
In the latter case, Alice and Bob continue to (P2). In (P2), Alice and Bob implement U θ−θ by a protocol for implementing a two-qubit controlled-unitary gate, which is proposed in [45] . (For later convenience, we exchange the roles of Alice and Bob in the original formulation.) Note that U θ−θ is equivalent to the following controlled-unitary gate up to local unitary transformations:
The protocol consumes one Bell pair |Φ 2 ab and deterministically implements U θ−θ . Suppose that the initial state is |ψ ABR and is decomposed in the form of
where |ψ 0 , |ψ 1 are normalized pure states and c 0 , c 1 are complex numbers that satisfy |c 0 | 2 + |c 1 | 2 = 1. The protocol proceeds as follows:
1. Bob performs the CNOT gate
after which the whole state is
2. Bob performs a projective measurement on b with basis {|0 , |1 }, and sends the outcome to Alice.
3. Alice performs I or σ x on a depending on the measurement outcome. The whole state is then
4. Alice performs the controlled-z gate
5. Alice performs a projective measurement on a with basis {|+ , |− } and sends the outcome to Bob, where |± := (|0 ± |1 )/ √ 2.
6. Bob performs I or σ z on B depending on the outcome, after which the state isŨ θ−θ |ψ ABR as desired.
In total, the entanglement cost of the composite protocol of (P1) and (P2) is given bȳ
on average. Here, E denotes the entanglement entropy defined by E(φ (α) ) := S(φ a (α) ) and E(Φ 2 ) := S(Φ a 2 ) = 1. For a particular choice α = √ θ, the resource state and the success probability in (P1) are given by
respectively, and the average entanglement cost is
where h is the binary entropy defined by h(x) := −x log x − (1 − x) log (1 − x). It is straightforward to verify that
For θ ≈ 0, we have
Thus we have
which leads to
From (8), (9) and (10), we obtain lim θ→0Ēθ = 0. Sincē E θ is a continuous function of θ, it follows thatĒ θ < 1 for θ below a certain strictly positive constant.
B. Protocol for implementing U ⊗n θ
Let us turn to a protocol for implementing U ⊗n θ . Fix arbitrary δ > 0 and choose sufficiently large n ∈ N. The protocol proceeds as follows:
1. Alice and Bob initially share n(Ē θ + 2δ) = n(1 − p θ + h θ + 2δ) copies of Bell pairs, where we denoted h(cos 2 ( √ θ/2)) simply by h θ .
2. By entanglement dilution [71] , they transform n(h θ + δ) copies of Bell pairs to a state |ω n , which is equal to |φ θ ⊗n up to a small error n := |ω n ω n | − |φ θ φ θ | ⊗n 1 . The dilution protocol is a one-round protocol of Type (a) in Figure 1 in the main text.
3. By using n copies of |φ θ as resources, they perform U θ on each of the input sequence by (P1). Either of the following two events will occur:
(a) With a high probability, the number of pairs for which U θ has been applied is not smaller than n(p θ − δ). U θ has been applied on the other pairs, the number of which is not greater than n(1 − p θ + δ).
(b) With small probability n , the number of pairs for which U θ has been applied is smaller than n(p θ − δ).
Continue to the next step if (a) has occurred.
4. By using the remaining n(1 − p θ + δ) Bell pairs, they perform U θ−θ by (P2) on pairs for which U θ has been applied.
Note that the second-round communication in
Step 3 and the first-round one in Step 4 can be performed simultaneously. Similarly, the communication from Alice to Bob in Step 3 can be performed simultaneously with the communication in Step 2 as well. Hence the above protocol is organized into a three-round protocol of Type (c) in Figure 1 . Let M n be a quantum operation that represents Step 3 and 4 in the above protocol, and suppose the initial state is |Ψ n A n B n R n . The total error is evaluated as follows. If (a) occurs in Step 3, the final state is exactly equal to the target state |Ψ n,tar := U ⊗n θ |Ψ n . Let τ (b) be the state obtained when (b) occurs. The final state is, in total, given by
Let M n be a quantum operation that represents Step 2∼4. By definition, we have
. (12) A simple calculation yields
Here, the first equality follows from (12); the first inequality due to the triangle inequality for the trace distance; the second inequality from the monotonicity of the trace distance and Inequality (11) ; the second equality because we have ρ⊗τ −σ ⊗τ 1 = ρ−σ 1 ; and the last line from the definition of n . Noting that the fidelity and the trace distance satisfy the relation 1 − F (ρ, σ) ≤ 1 2 ρ − σ 1 (see e.g. [62] ), it follows that the protocol M n satisfies * (M n ) = sup Ψn (M n , Ψ n ) ≤ n + 2 n .
As we prove in the next section, n and n converges to zero exponentially with n. Thus the protocol M n above satisfies the fast convergence condition (1). and fix arbitrary δ > 0, n ∈ N. A sequence x = (x 1 , · · · , x n ) ∈ {0, 1} n is said to be δ-weakly typical with respect to {λ x } x∈{0,1} if it satisfies 2 −n(H({λx})+δ) ≤ n i=1 λ xi ≤ 2 −n(H({λx})−δ) .
Here, H({λ x }) is the Shannon entropy of a probability distribution {λ x } x∈{0,1} defined by H({λ x }) := − x={0,1} λ x log λ x , and is equal to h θ . The set of all δ-weakly typical sequences is called the δ-weakly typical set, and is denoted by T n,δ . The δ-weakly typical subspace of (H a ) ⊗n with respect to φ a θ = Tr b [|φ θ φ θ | ab ] is defined as H n,δ := span |x 1 · · · |x n ∈ (H a ) ⊗n (x 1 , · · · , x n ) ∈ T n,δ .
Let Π n,δ be the projection onto H n,δ ⊆ (H a ) ⊗n , and let us introduce a notation λ x := λ x1 · · · λ xn .
Abbreviating (Π n,δ ⊗ I 
It is proved in [74] that there exists a constant c > 0, which depends on {λ x } x , such that for any δ > 0 and n, we have x∈T n,δ λ x ≥ 1 − exp (−cδ 2 n).
Denoting this constant by c θ , we obtain Tr[Π n,δ (|φ θ φ θ | ⊗n )] ≥ 1 − exp (−c θ δ 2 n).
Fix arbitrary δ > 0, n ∈ N, and consider the normalized state |ω n defined by .
From (13), it follows that λ x ≥ 2 −n(H({λx})+δ) .
Thus a uniform distribution on a set {1, · · · , 2 n(H({λx})+δ) } is majorized by a probability distribution {λ x } x∈T n,δ . Consequently, there exists an LOCC protocol that transforms n(H({λ x }) + δ) copies of Bell pairs to |ω n deterministically and exactly [75] .
The law of large numbers implies lim n→∞ n = 0. It is proved in [74] that there exists an n-independent positive constant c θ such that n ≤ exp (−c θ δ 2 n)
for any δ and n.
